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We establish a new upper bound for the number of Eulerian orientations of a regular graph
with even degrees.

1. Introduction

An Eulerian orientation of an undirected graph G is an orientation of the
edges such that the indegree of each vertex is equal to its outdegree. We denote by
¢(G) the number of Eulerian orientations of G. Lower and upper bounds for &(G)
have been independently established in [1, 3]:

A. Schrijver has shown in [3] that

1) £(G) = [2—d (zj]]"

where G is a loopless 2d-regular graph with n vertices. The author has shown in [IJ!

that
n—1
(LVD) &(G)=2? [____(2d“ D! ’)

d!
The bound (LV1) is slightly better than (S1). In fact for given d, accordingly
with Theorem 2 of [3] the ground numbers are equal, namely [2dd], (and cannot be

improved as function of d only). The ratio is asymptotically equivalent to }rd.
The upper bound in [3] is

(52) £(G) = [2;' ]"'2

An upper bound for ¢(G) is given in [1] in the case d=2 as an application of
Proposition 4.1 (see below Lemma 2). For a connected, 4-regular, loopless graph
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1 Errata. Proposition 5.3 in [1] is misstated: the exponent n should be n— 1. Page 408 line 3
read 2/(d!))" instead of 1/2(dY)".
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G of n=4 vertices we have
(LV2) e(G)=9.2"8

0.5
The ground number [i,d) in (S2) cannot be improved for general d-regular

graphs [3] (the worst case is given by graphs whose connected components are d
parallel edges). The bound (L'V2), which holds for connected graphs, is strictly better
(% 2" as compared to (;/g)"].

Our purpose in the present note is to derive a new upper bound for ¢(G) in
terms of d, » and the maximum number of edge-disjoint circuits of G. Applied to
loopless connected graphs this bound is significantly sharper than (S2).

2. Main theorem

Graphs considered in the sequel may contain loops. In evaluating &(G) we
make the convention that there are two ways to direct a loop.
Theorem 1. Let G be a connected 2d-regular graph, d=2. We have

k—1

8(G) = 2 [&d;—g]"‘rr

where n is the number of vertices of G and k is any number at least equal to the maximal
number of pairwise edge-disjoint cycles of G.

(LV2a)

The proof uses an inductive construction of [1]. Let x be a vertex of G and /
be the number of loops attached to x. Let T be the set of partitions into pairs of the
2(d—1) non-loop edges incident to x. We associate with each €T a graph G, obtain-
ed from G by deleting x and all incident edges, and introducing for each pair of ed-
ges in a same set of ¢ a new edge joining the endvertices different from x of these two
edges (see [1] for more details). Clearly G, is a 2d-regular graph with n—1 vertices,
and ¢(Gy)=c(G)—1I, where ¢(G) denotes the maximal number of pairwise edge-
disjoint cycles of G. Note that |{T|=Q2d—-2I—D!'=Qd—2{-1)(2d—2]-3)...5.3.1.

Lemma 2. We have
2!
#6) == & ° @

Proof. By counting in two ways the clements of the set {(#, ¢): @ is an Eulerian orien-
tation of G such that for each 7€T exactly one of its edges is directed toward x}
we find 2 3 e(G)=(d—-1)!e(G). 1

t

€T
Set
k=1
N -1
atn ) =2+ (QA=D1YT

Lemma 3. For given n, a(n, k) is an increasing function of k.
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Proof. We have
1

a(n, k) = [Q(Qt_l%'l_}l'_) aillk (QL;!Q!_!_)HT’:I—'

It suffices to show that
1

2[(261;!1)!!] =

Raising to the (d—1)-th power this inequality amounts to

2d-1HH _ 2d—1 2d--3 W_BL<24-1 I

d! d d—1 2
Proof of Theorem 1. In view of Lemma 3 it suffices to establish (LV2a) when
k=c(G). The proof is by induction on .

If n=1 the graph G consists of d loops attached to one vertex. We have
e(G)=2%. Theorem 1 with k=c(G)=d is &(G)=2° Suppose n=2. Let x be a
vertex of G, not a cutvertex. Let / be the number of loops attached to x, 0=l=d—1.
By Lemma 2 we have

1
(@) = —(d_i—I)_T,é: e(G)).

There are |T|=(2d-—-2I—1)!! graphs G,. Each G, is connected, 2d-regular
with n—1 vertices and ¢(G)=c¢(G)—I. Hence, using the induction hypothesis and
Lemma 3 we get

ot
== _2d-2—-Dan—-1.k—=D =
e(G) = @D Qd-2I-DMam—-1, k-1
1y
_@d=-21-n! ((2d— 1)!!) d-1
- (d—D! d!

To establish Theorem 1 it suffices to show that for d=2 and 0=l=d-—1 we

-a(n, k).

have
1
Qd—21— 1! _((Zd— NI ]‘”‘d-—l
@—n a1

= 1.

For [=d—1 this inequality holds trivially. Suppose O=/=d—2. The ine-
quality to prove can be rewritten

Set 1

b(d) = (_(E{a—_'l_)l)‘::‘—?
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We show that b(d) is an increasing function of d for d=2, integer. The ine-
quality b(d)<b(d-+1) is
1 1
rl

[(2d—1)n)d_—f - [(2d+1)!!)
dl d+nt ) -
Raising to the d(d—1)-th power, we get equivalently

(52 - G

or, after simplification

(d-D!!  2d—1 2d-3 3 ((2d+1)!!]"‘1

dlC T d Td=1 72 = \U@Exn

3. Application

Theorem 4. Let G be a connected 2d-regular graph on n vertices with d=2 and

girth =g. Then
1 1 d

(LV2b) 2(C) = ( Q—i;_! 1&)7—_1 [ - ((Zd;!l)!! ]I_F'ﬂ]n'

Proof. Since every cycle of G is of length =g, we have c(G)éigl. Applying

Theorem 1 with k=%r-l-, we get (LV2b). §

When d—< the ratio of the ground numbers in (82} and (LV2b) has the

asymptotic value
101

1 X
29 (Ynd)? 9.

A loopless connected graph has girth g=2. In this case by Theorem 4 we have

(LV2b) 8(G) = ((261;!1)! ! )ﬁ [2% (&;’1)1]% = ]n-
As
(852 - (3)

the ground number in (LV2b) s strictly smaller than the ground number in (S2). The
limit of the ratio when d— oo is ¥2. In particular (LV2b) implies (S2) for connected

graphs. For d=2 (LV2b)is s(G)é—g—- 2n, slightly weaker than (LV2) (obtained by

a finer use of Lemma 2).
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Example. Applying Theorem 4 with g=3 and n=2d4+1 to the complete
graph K, on n vertices, we get an upper bound (LV2b) of the asymptotic form

2 (1+otan

44 when d —oco.

d
In this case (S2) has the form 4%*d™ 2"
44 J—4Q+0(d))

The exact asymptotic value of £(X,) has recently been obtained by B. McKay
[2]. We have

, (S1) and (LV1) have the form

n—1

1

2n+1 2
e(K,) g[ — ) nle

w)~

which is of the form 44°g—d0@+e(d)
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